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The application of statistical energy analysis to vibro-acoustic systems of complex
geometry has been made practicable by the introduction of the concept of equivalent
mass/equivalent volume. Although previous research at the ISVR has shown that these
parameters can be directly measured, it has recently been found that the published formulae
for carrying out this calculation are not sufficiently accurate. This is because it has been
previously incorrectly assumed that the measurement on the subsystem of interest is
unaffected by the presence of other attached subsystems. The paper derives the correct
expressions for equivalent mass/equivalent volume for the general case of N-connected
subsystems. By utilizing these derived expressions, the paper then proceeds to show that the
coupling loss factors can be obtained directly in terms of the measured input power and
vibration velocity/sound pressure. The paper concludes by showing that the power balance
equations can, by utilizing the above expressions, be framed in terms of the subsystem
velocities/sound pressures rather than in terms of subsystem energies.

© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION

Statistical energy analysis (SEA) is concerned with the steady state balance between input,
dissipated and transferred powers in a vibro-acoustic system. When it was first established,
the primary objective was to predict acoustic and/or structural energy levels in discrete
parts (termed subsystems) of a system for known input powers. More recently, a parallel
body of research has also been developed whereby an SEA model is set-up from
measurements made on existing hardware. The purpose of this latter development is to
diagnose noise/vibration problems and to explore various solution strategies by
extrapolating the model parameters.

Since all the relevant parameters are time, frequency band and spatially averaged, the
technique is not only very robust but also does not require a detailed description of the
vibro-acoustic system. This is because its functionality depends on global rather than
detailed properties. SEA appears, therefore, to be a very attractive technique for the analysis
of complex structures (e.g., a car), particularly at high frequencies, where there are problems
in applying the finite element method. Once the system under investigation has
been notionally subdivided into subsystems, the setting-up of the power balance
equations (which relate input powers to subsystem energies) is a relatively straightforward
procedure.

Unfortunately, this underlying simplicity conceals a hidden problem. Whilst it is not
difficult to predict subsystem energy levels, the conversion of these to velocities or acoustic
pressures is not usually a straightforward matter. If the system considered is uniform and of
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regular geometrical shape, then the conversion factor is simply the subsystem mass or
volume. However, for most actual structures and acoustic cavities, the use of such
a conversion factor will generally introduce significant errors. For experimentally based
models, there is a similar difficulty in converting vibration/sound pressure measurements to
energy levels. This problem has been partly overcome by using the equivalent
mass/equivalent volume, which can be measured experimentally, although it has been found
that even this development does not entirely eliminate the errors.

Recent research at the ISVR has found that in many cases these errors have been due to
the incorrect formulation of equivalent mass/equivalent volume and this paper shows the
derivation of the corrected theory. However, the paper also demonstrates that the coupling
loss factors can be directly obtained from measured quantities, without involving the
equivalent mass and/or equivalent volume, thus significantly improving the convenience
and accuracy of an experimentally based SEA model.

2. BACKGROUND THEORY

For a uniform beam or plate, the frequency band and time-averaged total energy of
vibration can be expressed as

Eppa = MCV?), 1

where M is the the total mass of the component, and (V*) the frequency band, time and
space-averaged square of the velocity.

Similarly, the frequency band and time-averaged total energy of a regularly shaped
acoustic volume is

|
Etotal =" <p2>a (2)
pc

where V is the volume of the acoustic space, {(p>) the frequency band, time
and space-averaged square of the pressure, p the density of air, and ¢ the speed of sound
in air.

However, for structures or volumes having irregular geometry, it has been found [1] that
the energies are not proportional to their respective masses or volumes. The reasons for this
are enumerated below for the case of a complex structure, although similar arguments apply
for volumes of complex shape.

Consider a stand-alone subsystem that is being excited in a particular frequency band by
a force whose spectrum is constant with time. The input power P;, to the subsystem (which
equals the power absorbed by the subsystem) is given by

P_in = wEtatal . 7]1‘ = wMeq<V2>’7i7 (3)

where w is the band centre frequency (rad/s), #; the band-averaged internal loss factor, and
M., the band-averaged equivalent mass.
Equation (3) is, in fact, a definition of equivalent mass which, by rearranging, gives

Pin

eq = (4)
onlV?)
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It should be noted that P,, and (V'?) are both either frequency band totals or frequency
band averages.

3. REASONS FOR DIFFERENCE BETWEEN M AND M,,

3.1. INSUFFICIENT SAMPLES FOR (V2

In order to obtain an accurate value for the mean-square velocity for a subsystem, it is
necessary to take velocity samples at a sufficient number of locations. If this is not done, the
measured value of {(V?> will be subject to random variations. It can be seen from equation
(4) that this will cause corresponding variations in M.

On many structures (e.g., car door or engine cylinder block), there are parts where access
for velocity sampling is not practicable. It can be seen from equation (3) that when the
vibration level of such hidden components is high, increased power will be absorbed by the
subsystem. However, although it is generally found that on most practical structures
resonances of internal parts are detected by small response peaks on the accessible outside
surfaces (due to the coupling that results from the complex three-dimensional shapes), the
increase in measured <{V'*) does not adequately reflect the increase in the absorbed power.
Thus, when this occurs, M., will have a high value.

Another factor related to this sampling error is due to the fact that most structures are not
uniform in thickness. Hence, the velocity measurements should reflect this by being
distributed such that areas of equal mass are equally sampled. Since this is usually
impractical, a further error results [2].

3.2. ERRORS IN MEASURING »,

For a single, stand-alone subsystem, the measurement of M., is essentially based on the
dual definition of the internal loss factor, #;, viz.

Pdiss Pdiss 13-82
Ni=— = —_ = s
wEtotal WMeq< V2> wTGO

©)

where P, is the power dissipated by the subsystem, and T, the frequency band and
space-averaged reverberation time (i.e., the time taken by the energy response to decay by
60 dB) of the subsystem.

Rearranging the last two expressions in equation (5) gives

PdissTGO

_ _“diss60 6
13-82¢V?> ©

eq

If <W>/ P, is defined as v, the normalized subsystem mean-square velocity, then the
expression for the equivalent mass (in terms of the internal loss factor) is also equivalent to

Moy ——— )

on;v
It is the measurement of T4, which can cause some problems. This is particularly the case
when there are two dominant modes in the band which beat together. Furthermore, since it
is the initial decay rate which is required, measurement is often difficult because the
waveform is obscured by the initial transient behaviour of the subsystem (due to impulsive
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excitation, or when steady state excitation is switched off). Care must also be exercised to
ensure that the decay is controlled by the damping of the subsystem and not by the damping
of the filter. These factors tend to produce an overestimate of T¢, and hence an
overestimate of M,,.

It is worth mentioning at this stage that, in practice, many T's, measurement errors can
be reduced to a minimum by using octave band filters and then interpolating the results to
obtain one-third octave values. This can be justified on the basis that, although the loss
factors of individual modes in a band often vary significantly, this is not generally the case
with the band averages. Hence, the resulting loss factor spectrum is usually quite similar to
a straight line when plotted on a log-log basis. Another reason for using octave rather than
one-third octave filters is that it tends to avoid the common problem that some
low-frequency one-third octave bands do not contain any modes.

3.3. SPARCE MODAL DENSITY

The fact that the total energy of each subsystem in a frequency band is calculated from
measurements of velocity (or acoustic pressure) implies that the totals of the maximum
kinetic and maximum strain energies are equal. However, this is often not the case,
particularly when the modal density is low. Here, the equivalent mass acts as a compensator
for this discrepancy [3].

3.4, EFFECT OF OTHER CONNECTED SUBSYSTEMS

Another problem in the evaluation of M, stems from the fact that the effect of coupling
to other subsystems is not taken into account. It had previously been assumed that other
connected subsystems would not affect the prediction of the equivalent mass since the
resultant increase in input power would be balanced by a corresponding decrease in the
value of T,. It has recently been found that this is not the case and the following section
shows how the effect of connected subsystems on equivalent mass can be taken into
account.

4. REVISED FORMULATION FOR M.,

It should be noted at this point that in all further analysis it will be implicitly assumed
that energy, velocity and power values are averaged over space and time for a given
frequency band. Therefore, in the interests of simplicity of notation, all bars above these
quantities will no longer be shown.

If the response of two coupled subsystems i and j within a given frequency band is
considered, then by definition

Eij = Meq,»< Vlzj ) (8)

where E;; is the energy level averaged over space and time of subsystem i when subsystem j is
excited, M., the equivalent mass of subsystem i, and <V,~2j> the measured vibration level
averaged over space and time of subsystem i when subsystem j is excited.
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The power balance equation for a structure comprising N subsystems may be written as

N
Z Ny —MN21 = —HNa 0 —Nn
P =t L E
! — N2 Z Naj - —Niz2 - — NNz !
P, j=1 E,
S Y v L O)
P; — N =N X Mg — i E;
. i .
—Mi~n —Mon Z NNj
L j=1 _
where 7;; = 1, is the internal loss factor.
The internal loss factors can also be expressed independently [4] as
Eyy Eyy - Eny M P,
E . : P
o7 RS E (10)
ElN e ENN 11N PN

The time and space average of the vibration level of subsystem i when subsystem j is excited,
normalized per unit power injected into subsystem j, is defined as

_
Uij—T.

J

(11)

Expressing the energies in equation (10) in terms of the equivalent masses and the averaged
vibration levels normalized per unit power leads to

M, vi1r Meg,v21 -+ Mg Uny M1 1
M, v B : 1

of Tt CT= (12
Meq,le MeqNUNN NN 1

which may be re-written as

Vi1 V21 Un1 M., 0 0 M1 1
v T : 0 M, : 1

O B IO PR e (13)
: : .0 : :
UiN UNN 0 0 M., NN 1

or

Uit V21 -+ Umi M1 0 0 Meq, 1
v hn : 0 . M, 1

ol P B R K R B (14)

Uin UNN 0 - 0 | M

eqy
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Hence,

1
— 0
]\4(3,11 M1 1 V11 U1 Unp |71 1
M, 1 0 — v . : 1
== M co ' b (15)
w '. 0 . .
M., 0 0 i Uiy UNN 1
L NN

In the case of two coupled subsystems, equation (15) reduces to

M,y ==t (16)
(V055 — V0 )

whereas equation (7) gives

1
M., = . (17)
wnv;;

Note that if the terms in equation (16) which are preceded by a minus sign are small
compared with those which are preceded by a plus sign, the two expressions above are
approximately equivalent. Physically, this occurs when the normalized vibration levels of
a directly excited subsystem are much greater than those of a connected subsystem. This is
especially true when the two subsystems are weakly coupled.

It can be seen that as the number of subsystems is increased, the expressions
for the equivalent masses obtained from equation (15) become increasingly complicated
due to the inversion of a larger matrix. It might be assumed that since the valid
application of SEA relies on weak coupling between subsystems, any discrepancies
in the equivalent masses resulting from the use of equation (17) should be minimal,
which does not significantly affect the results. However, it has been noted that, in
practice, even in situations where the normalized vibration levels of directly
excited subsystems are much greater than those of the indirectly excited subsystems, the
errors can actually be very significant. This is especially true as the number of subsystems
increases.

5. ELIMINATION OF THE EQUIVALENT MASSES IN THE EXPRESSIONS FOR THE
COUPLING LOSS FACTORS

In reference [5], expressions for the coupling loss factors in terms of only the normalized
vibration levels and internal loss factors have been obtained in the case of two and three
subsystems. The following analysis will show how these results can be generalized for
N subsystems.
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It has been shown [4] that, for the ith subsystem of a structure comprising N subsystems

[(Ey _Ey E.  Ey Eyy  Eyi ]
Ey Eu Ey Ej Ey  Ej
N1i
1
Err Eri . _ Pi .
E. Ej ’ n.ri C 0Eq |
. : 1
Eiy  Ey En Eu Eyy  Ey; vtz
Enx Ei En Ej En Ej i

(18)

Expressing the energies in terms of the equivalent masses and the normalized vibration
levels gives

Vi1 Uy Ut Uy Un1  Uni
M., = o My, e o Mg, N\ L
Uiy Ui Vi1 Ui Uiy Uij N1i

1 . M Uy Uy .
M . eq\ T . Nri
eq; Vi Uii .
Uyn Uy UN Uy UNN  Uni NNilri
Meq1<___ o M| = - o Mg | —
UiN Ujj Uin  Uij UiN Uij
- dr#i
1
1 .
=——{:) (19)
wviiMeqi

which may be re-written as

N1 O e 0 7 Meql 1
(U : I . :
[A] Nyi Meq, = 1 5 (20)
. wU;;
.0
_O 0 17Ni_r;éi MeqN r#i 1

where -

Vi1 Vii
[A] = : Urr _ Ui
' Ui Uy

Uin Ujj
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It will be noted that although equation (15) expresses all the M,;’s from 1 to N, equation (20)
does not include the ith term. Therefore, before the M,,’s can be eliminated, the terms in
M., n; must be removed from equation (15). This is achieved as follows: firstly equation (14)
is re-written as

1
Mg 1011 + MegaUaq + o+ + MegiViy + -+ + Mg InUn: = >

gl

Mg V12 + Meg, 12025 + -+ + Megiviz + -+ + Mg inUn2 =

(21)
1
M gm0y + Mog 202 + -+ + Megnivii + -+ + Mg vy = >

1

Meq,nlle + MeqznZUZN + o+ Meq,niviN + o+ MeanNUNN = 5

In order to eliminate M., , the rth equation is multiplied by v; and the ith equation by v;,,
and then the rth equation is subtracted from the ith one.
By carrying out this procedure, the following equation is obtained:

_111 0 0 M., 1
0o - : : . :
[B]] : Ny Meq, =—{1 (22)
. . w .
0 :
L 0 0 NN |ri Meq\. r#i 1
or m 1 _
— 0 0
M,,, G 1
. 1 1 ) .
Meq, = - [B] ! 1 > (23)
. o Ny .
: 0
MeqN r#1 1 1
0 0 —
L nN_ r#£i
where
_(Ullvii — U1i0;1) (U103 — Vyli1) (Un1Vi; — UNiVI) i
(vii — v31) (vi; — vi1) (vi; — ;1)
(Urrvii - Urivir)
B] = -
[B] (v — viy)
(V1N — V1U;N) (UrNVii — Vpiliy) (UnNVi — UNiVin)
(Vi — vin) (Vi — vin) (Vi — vin) ri




Substituting equation (23) into equation (20) to eliminate the M.,,’s gives

-Wu 0
0
[A]] :
i 0
or
where

[A]
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Equation (295) is also equivalent to

[A]

[c(1)
0

1
— 0
0] M1
. 0
1
1y
0
0 NNi [r#i
0
(AL 0
M1
0
Nri
Ny
0
0 0
HN_r#i
1
{C}=[B]"" (1
1
0 0 |
C(2) :
0
0 C(N-—1)

0
0
1
0 —
NN |ri
1
1
Cl=—(1),
{C} o
1
N1i
M1
Myi _1
My _1M
NNi
nN r#i

where C(r) corresponds to the element in the rth row of {C}.
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(24)

(25)

(26)

(27)
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Rearranging equation (27) gives

N1i 1

i — 0 0

m can A

| N ,
1 @ ;

-~ [A]°! (1), 8)

Ny Uii .

: 0 1

1

TNi 1

AN 0 0 —

il L CN =1

6. VERIFICATION

Although it is not practicable to verify the preceding theory independently, a comparison
can be made with the previously published work. In reference [ 5], expressions for the ratios
of the coupling loss factors to the internal loss factors in terms of the averaged vibration
levels have been obtained in the cases of two- and three-coupled subsystems. It will now be
shown that the same expressions may be obtained using equation (28).

6.2. TWO SUBSYSTEM CASE (N = 2)

For i =2, equation (24) may be re-written as

<U11022 - U12021> <’712> ( U2z — U2y > _ 1 (29)
V12U22 M1 U11U22 — V12021 Va2
and hence

Mz __ P2 (30)
M1 (V22 — v21)

Similarly, if i = 1,

LRt — (31)
Uy (V11— v12)

These results are the same as those obtained in reference [5].

6.2. THREE SUBSYSTEM CASE (N = 3)

Assume, for example, that i = 2. The following expressions are obtained for [A] and [B]:

<2 . 2) <@ . @) (11022 — U12021) (V31022 — U32Ua1)
Va1 U2 Va1 Uz2 and [B] = (V22 — v21) (V22 — v21)
<$ . 2) <@ o @) (V13V22 — V12023) (V33022 — V32023)

(V22 — v23) (V22 — 123)

[A] =

Uaz U2 Uaz  Uz2
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Inverting both these matrices gives

U3z V32 V31 | V32
<—__ _—+_
1 Uaz U2 U1 Va2

[AT™" = (32)

|A] v v v v
13 12 11 12
__+_ - =
Uz3 U322 Va1 Uz2

and
(V33022 — U32023) (= V31025 + V32021)
[B] ! — i (v22 — V23) (v22 — v21) (33)
Bl {(— 013025 4 012023) (V11022 — V12021) ’
(022 — V23) (022 — V21)
where
Al = (0111)52033 — U11U22023032 — V12021022033 — U13U§2U31 + V13021022032 + U12022023031)
021052023
and
Uzl”%zvzs
B |A]

(V22 — V21) (V22 — U23)

By definition (see equation (26))

1
{C} = [B]_l{l}, (34)

which gives

€=

(V22 — v21) (V22 — V23)

UzaU33 — Uz1U33 — U23U32 + V21V32 — V22031 + Uz3V31
X (35)

U12U23 — Uy3lUzp — V12Uz1 + U13l21 — UgqU23 + Uy1Us2

or

U2 D,
© =5 1 36

(V22 — v21) (V22 — 123) (D,
where Dy = (V35033 — V21033 — Ua3V32 + Uz1U32 — Ua2U31 + U2303;) and
Dy = (12023 — V13U22 — U12Us1 + V13021 — U11Vs23 + Uy 1U22).

Substituting into equation (28) gives
M2 1 <@ _ ”3_2> <_ U3 ”ﬁ)
M1 Dl U23 Uz Uy1q (%¥) {1}

" . 37
32 2 1 < U13 U12> <U11 U12> 1 G7)
— 0 — - 4+ = — =
UE] D, Uz3 Uzs Ua1  Uza
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Hence,
N12 (021033 — U23031)
N\ _ (V22033 — V21033 — U23V32 + U21U32 — Uz2U31 + Uz3031) (38)
N32 (V11023 — U13021)
N3 (V12023 — V1322 — V12U21 + Uy3lag — U11Uz3 + U11022)

Fori =1 and 3, similar expressions may be obtained. Again, the same results may be found
in reference [ 5]. In addition, Bharj et al. [6] have experimentally verified equations (30), (31)
and (38) for two and three subsystem models. They found that the coupling loss factor
values calculated using these equations were indistinguishable from those obtained by the
normal method.

7. ELIMINATION OF THE EQUIVALENT MASS IN THE BACK CALCULATION OF
SUBSYSTEM VELOCITY

A very useful check on the accumulated error due to the various approximations used in
estimating the SEA parameters is to compare the back calculation of a subsystem velocity
with the directly measured transfer function. Of course, this is only of value when the
subsystem in question is remote from the excited subsystem—otherwise exact agreement
will result because the measured transfer function has already been used in the parameter
computation. This checking procedure has been described in detail by Hermans et al. [7].

If power P, is simultaneously input into each subsystem i, then from equation (9)

N
E, Z Ny oo — NNt P,
j=1
. 1 :
L == (39)
. w
) N
Ey — MmN Z 1INj Py
L =1
or
E, Py
1 IR
=—[L] 7 (40)
: @ :
Expressing the resultant subsystem energies in terms of their velocities (V) gives
]\4eq1 0 <V%> Pl
. . 1 :
=—[LI7 % . }. (41)
w .

0 MeqN <V12V> PN
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It can also be easily shown [8] that, by injecting power sequentially into each subsystem in
turn

Ey, - - Eqx Py - 0
L NINEE :
(L] - : == (42)
: SR O .o
Ey; -+ - Eyy 0 -« - Py
Equation (42) can be rearranged to give
Py Py
' =0l ' (43)
Py Py
or
Meql 0 Ull e e UlN
I I (44)
O e e Meq"V UNl e e UNN
Eliminating [L]~! by substituting equation (44) into equation (41) gives
Meq, 0 <V%> Meq, 0 V11 UiNn Pl
: o o=l s S : (45)
0 MeqN <V12v> 0 MeqV Uni  ** UnN Py
or
% Uir =0 Uin Py
A N R (46)
<V1%r> Unt -+ UnN Py

Equation (46) is essentially the same as the power balance equation (9) but without the
equivalent masses. It will be recalled that the coupling loss factors can also be expressed in
terms of the normalized mean-square velocities v;; and the internal loss factors, using
equation (28).

Equations (45) and (46) are particularly interesting because they show that the energy of
any subsystem is the linear sum of the energies due to each input acting on its own, as has
previously been reported by Hermans [9]. It should also be noted that since equation (46)
does not contain any coupling loss factors, it is always valid, regardless of the validity of the
SEA model. The equation is, in fact, a space and frequency band-averaged version of the
well-known transfer function matrix equation.
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8. CONCLUDING REMARKS

The paper demonstrates that the expression currently used for the equivalent mass is not
consistent with the power balance equations. A correct expression has been obtained for the
general N subsystem case. This relationship has then been used to derive an expression for
the coupling loss factors solely in terms of measured velocities, internal loss factors and
input powers.

Since the calculation of equivalent mass has been much prone to error, it is to be expected
that its elimination will significantly improve the experimental determination of the
coupling loss factors. The paper also shows that, by using the above-derived relationships,
the power balance equations can be framed solely in terms of directly measured quantities.
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